HIGHER ORDER REDUCTION THEOREMS 
FOR CLASSICAL CONNECTIONS AND NATURAL 
(0,2)-TENSOR FIELDS ON THE COTANGENT BUNDLE 

JOSEF JANYSKA 

Abstract. We generalize reduction theorems for classical connections to operators with 
values in fc-th order natural bundles. Using the first reduction theorem in order two we 
classify all (0,2)-tensor fields on the cotangent bundle of a manifold with a linear (non- 
symmetric) connection. 



1. Introduction 

It is well known that natural operators of linear symmetric connections on manifolds and 
of tensor fields which have values in bundles of geometrical objects of order one can be 
factorized through the curvature tensors, the tensor fields and their covariant differentials. 
These results are known as the first (the operators of connections only) and the second 
reduction theorems. The history of the first reduction theorem comes back to the paper by 
Christoffel, pQ, and the history of the second reduction theorem comes back to the paper 
by Ricci and Levi Civita, [llj. For further references see [^J I n P~2 the proof 

for algebraic operators (concomitants) is given. In 3j the first and the second reduction 
theorems are proved for all natural differential operators by using the modern approach of 
natural bundles and natural differential operators, (HI EH E3 ■ 

In this paper we generalize the reduction theorems for natural operators which have values 
in higher order natural bundles. 

As an example we discuss natural (0,2)-tensor fields on the cotangent bundle of a manifold. 

In this paper we use the terms "natural bundle" and "natural operator" in the sense 
°f [3 El HOI IT5] - Namely, a natural operator is defined to be a system of local operators 
A M ■ C°°{FM) -> C°°{GM), such that A N {f F s) = f£A M (s) for any section (a : M -> 
FM) G C°°(FM) and any (local) diffeomorphism / : M — > N, where F,G are two 
natural bundles and f F s = Ff o s o f" 1 . A natural operator is said to be of order r if, 
for all sections s,q G C°°(FM) and every point x G M, the condition j r x s = j r x q implies 
Ams{x) = Amq{x)- Then we have the induced natural transformation Am '■ J r FM — > GM 
such that Am{s) = Am{3 v s), for all s G C°°(FM). The correspondence between natural 
operators of order r and the induced natural transformations is bijective. In this paper we 
shall identify natural operators with the corresponding natural transformations. 



1991 Mathematics Subject Classification. 53C05, 58A20. 

Key words and phrases. Natural bundle, natural operator, classical connection, reduction theorem. 
This paper has been supported by the Ministry of Education of the Czech Republic under the Project 
MSM 143100009. 

1 



2 



JOSEF JANYSKA 



Any natural bundle F of order r is given by its standard fibre Sf which is a left G r m - 
manifold, where G r m = inv Jq (M m , M m )o is the r-th order differential group. A classification 
of natural operators between natural bundles is equivalent to the classification of equivariant 
maps between standard fibers. Very important tool in classifications of equivariant maps is 
the orbit reduction theorem, jSHZUHJ. Let p : G — > H be a Lie group epimorphism with the 
kernel K, M be a left G-space, N, Q be left if -spaces and ir : M — > Q be a p-equivariant 
surjective submersion, i.e. n(gx) = p(g)ir(x) for all x G M, g G G. Having p, we can consider 
every left if -space as a left G-space by gy = p(g)y, g G G, y G N. 

Theorem 1.1. If each 7r _1 (g) ; q G Q is a K -orbit in M , then there is a bisection between 
the G-maps f : M — > N and the H-maps ip : Q — > N given by f = if o n. 

2. Preliminaries 

Let M be an m-dimensional manifold. If (x x ), A = 1, . . . , m, is a local coordinate chart, 
then the induced coordinate charts on TM and T*M will be denoted by (x x , x x ) and (x x , x\) 
and the induced local bases of sections of TM and T*M will be denoted by (d\) and (d x ), 
respectively. 

Definition 2.1. We define a classical connection to be a connection 

A : TM -> T*M ® TTM 

TM 

of the vector bundle pm : Tikf — ► iVf , which is linear and torsion free. 
The coordinate expression of a classical connection A is of the type 

A = d x ® (9 A + A A ^ ±* 4) , with A/, = A v \ G G°°(M, iR) . 

Classical connections can be regarded as sections of a 2nd order natural bundle Cla M — ► 
M, pj. The standard fibre of the functor Cla will be denoted by Q = M m ®& 2 M m *, elements 
of Q will be said to be formal classical connections, the induced coordinates on Q will be 
said to be formal Christoffel symbols and will be denoted by (A^ A ^). 

The action a : G 2 m x Q — > Q of the group G 2 m on Q is given in coordinates by 

where (a A , a A „) are the coordinates on G 2 ^ and ~ denotes the inverse element. 
Note 2.2. Let us note that the action a gives in a natural way the action 

a r : G r + 2 x T^Q - T^Q 
given by the jet prolongation of the action a. 

Remark 2.3. Let us consider the group epimorphism 7r£+ 2 : GJ^ 2 — > G^" 1 and its kernel 
B r r Xl = Ker 

We have the induced coordinates (o^ 1 ...^ lr+2 ) on -B^+i- Then the restriction 
a r of the action a r to -B^+i Las the following coordinate expression 

(A Ml At2 ,...,A ;tl ^2,^3—^+2)°^ 

= fA A A A A A - a x ) 

where (A M1 A M2 , A m 

M2,M3> • • • j-^-mi ^.2^3—^+2) are the induced jet coordinates on T^Q. 
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The curvature tensor of a classical connection is a section R[A] : M — > WM : = T*M ® 
TM <S> A 2 T*M with coordinate expression 

R[A] = R u p x „ d u ® d p ® d x A # , 

where the coefficients are 

#/a m = dpA\ p u - d x K/ v + A M %A/ CT - A A %A/ a . 

Let us note that the curvature tensor is a natural operator 

R[A] : L7°°(ClaM) -> C°°(^M) 

which is of order one, i.e., we have the associated G^-equivariant mapping, called the formal 
curvature map of classical connections, 

: T^Q — > iy := St*®t®a 2 t* 

with coordinate expression 

(2.1) ( W / A/ J o ft = (A/^ - A/„, A + A/„A/ ff - A A %A/ a ) , 

where (w u p \p) are the induced coordinates on the standard fibre W = JR rn * ® M m ® A 2 ]R m *. 

Let ViVf be a first order natural vector bundle over (i.e., VM is some tensor bundle over 
M). Let us put V r M = VM®® r T*M, V^M = V k M x . . . x V r M, V^M := V^M. 

M M 

Let us denote by V = R n or V r or V {k ' r) the standard fibres of VM or V r M or V^ r) M, 
respectively. 

The r-th order covariant differential of sections of VM with respect to classical connections 
is a natural operator 

V r : J 1 " 1 ClaM x J r VM -> V^M . 

M" 

We shall denote by the same symbol its corresponding GJ^-equivariant mapping 

V r :T^ l QxT^V^V r . 

We shall put 

V (fc,r) ;= ( V fc ; . . . ; v r ) : J r_1 ClaM x J r VM -> \/ (fc ' r) M 

and the same for the corresponding G^-equivariant mapping. Especially := V < -°' r * ) . 
Remark 2.4. For any section a : iVf — > VM we have 

(2.2) Alt(VV) =pol( J R[A],<7), 

where Alt is the antisymmetrization and pol(i?[A], a) is a bilinear polynomial. Namely, 
Alt(V 2 i?[A]) is a quadratic polynomial of R[A\. 

If (v A ) are coordinates on V, then (f A ,f A A , . . . ,v A \ l ...\ r ) are the induced jet coordinates 
on T^V (symmetric in all subscripts) and ( y V A x 1 ...\ r ) are the canonical coordinates on V r , 
then V r is of the form 

(2-3) (VV.aJ o V r = v A Xl ... Xr + poKT^Q x T-V) , 

where pol is a quadratic homogeneous polynomial on T^ X Q x T^ l V . 



4 



JOSEF JANYSKA 



Remark 2.5. Let us recall the 1st and the 2nd Bianchi identities of classical connections 
given in coordinates by 

R{u p \fj,) = , R v p \\n-&) — , 

respectively, where ; denotes the covariant differential with respect to A and (...) denotes 
the cyclic permutation. 

3. The first &-th order reduction theorem 
Let us introduce the following notations. 

Let W Q M := WM, W t M = WM <g> &T*M, i > 0. Let us put W {k ^M = W k M x M 
...x M W r M, k < r. We put W {r) M = W^ r) M. Then W l M and W {k > r) M are natural 
bundles of order one and the corresponding standard fibers will be denoted by Wi and W^ k ' r \ 
respectively, where W := W, W t = W ® &M m *, i > 0, and = W k x . . . x W r . 

We denote by 

X : T^Q -> Wi 

the G^ 3 -equivariant map associated with the i-th covariant differential of curvature tensors 
of classical connections 

V*i*[A] : C°°(ClaM) -> C°°(WiM) . 

The map X is said to be the formal curvature map of order i of classical connections. 

Let Ci C Wi be a subset given by identities of the i-th covariant differentials of the 
curvature tensors of classical connections, i.e., by covariant differentials of the Bianchi iden- 
tities and the antisymmetrization of second order covariant differentials, see Remark 12.41 and 
Remark 12.51 So C, is given by the following system of equations 

(3.1) W^ P x t i) <n ...a i = , 

(3.2) w/ (Am(Ti)(J2 ... CTi = , 

(3.3) w/ XfMT1 ... [(Tj _ iaj] ... ai + pol(W^- 2) ) = , 

where j — 2, . . . , i and [..] denotes the antisymmetrization. 

Let us put = C x ... x C r and denote by 0^%, k<r, the fiber in E 
of the canonical projection pr^_ x : — > C^ k ~ x \ For r < k we put C^j^ = 0. Let us note 
that there is an affine structure on the projection pr^_ x : — > C^ r ~ 1 \ 0. 

Then we put 

(3.4) ft (fc ' r) := (R k , ...,%): T^ +1 Q -> W {k ' r) , ft (r) := ft (0 ' r) , 

which has values, for any jo +1 7 e T^Q, in C^T-i)^-*^)- In jSj it was proved that is a 

submanifold in WA r ) and the restriction of 31^ to is a surjective submersion. Then we 
can consider the fiber product T^Q x C (*_y and denote it by T^Q x C^ k,r \ 
First we shall prove the technical 

Lemma 3.1. If r + 1 > k > 0, t/ien £/ie restricted map 

(7r r +\^) : T^ +1 g -> T*Q x 
zs a surjective submersion. 
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Proof. To prove surjectivity of (vr£ +1 , 3£( fc,r )) it is sufficient to consider the commutative 
diagram 

T r + l Q CW 



r+l 



P r fc-1 



All morphisms in the above diagram are surjective submersions which implies that for any 
element j'q7 € T^Q the restriction of 31^ to the fibre (ir k + ) _1 (jo7) is a surjective submersion 
of the fibre {^[ +1 Y A "(jo 7) 011 the ^re (pr^._ 1 ) _1 (3?( fc_1 ^(jo7)) = C^jT-i)^-*^ which proves that 

the mapping (7r£ +1 , 3^ fc ' r )) is surjective. To prove that (itj. +1 , %( k ' r >) is a submersion we shall 
consider the above diagram for k = r. From the formal covariant differentials of (j2.1|) 
it follows, that = % is an affine morphism over ^ (with respect to the affine 

structures on n r r +l : T^~ l Q — > T^Q and pr£_ x : — > C^ 1 ^) which has a constant rank. 
So the surjective morphism (7r£ +1 ,ft r ) : T^ l Q — > T r m Q x has a constant rank and 

hence is a submersion. (ir r k +1 ,'3i^ k ' r ' ) ) is then a composition of surjective submersions. □ 

Let F be a natural bundle of order k > 1, i.e., is a left G^-manifold. 

Theorem 3.2. Let r + 2 > k. For every G r r ^ 2 -equivariant map 

f '■ T^Q — » <Sf 

i/iere exists a unique G^-equivariant map g : T^ 2 Q x C , ( fc ~ 2,r ~ 1 ) — > satisfying 

/ = 5°W- 2) 3l Mr - 1) ). 

Proof. Let us consider the space S r := iR m ® (D r ]R m * with coordinates (s A MlA12 ... Mr ). Let 
us consider the action of GJ^ on S r given by 

(3-5) s MlAl2 ...^ r = s fj.^—iM- ~~ Q , m...ii r ■ 

From Remark 12.31 and ()3.5|) it is easy to see that the symmetrization map a s : T r m Q — > SV+2 
given by 

is equivariant. 

We have the G^" 2 -equivariant map 

ip r := (<t p , : T^Q -> 5 r+2 x T^Q x W7.-1 . 

On the other hand we define a G f ^ t_2 -equivariant map 

W : 5 r+2 x T~ X Q x W r _a -> T r m Q 

over the identity of T^ X Q by the following coordinate expression 

(3-6) hp\p l ... Pr = s x l _ l up 1 ... Pr + \m(w x vpi ... Pr - poliT^Q)) , 
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where lin denotes a linear combination with real coefficients which arises in the following way. 
We recall that 3^ r _i gives the coordinate expression, given by formal covariant differentials 

of (EH), 

Vo\{V m - l Q). 



h-H V,p\...p r A-fl px,Up2—p r W V I'l'i ■■■/'• 



(3.7) 

We can write 

A " 

Then the term in brackets can be written as a linear combination of terms of the type 



»/< "/'J--/' " IM/pi...pr + (A/i u,p\...p r U,pi...pr)j 



A A - A A 

V,PiPl~Pi-lPi+l---Pr il A t Pi,Vpl---Pi-lPi+l—Pr ' 



z = 1, . . . , r, and from (|3.7|) we get (|3.6|) . 

Moreover, 

Then the map / o ip r : S r+2 x T^ 1 Q x W r -\ — > satisfies the conditions of the orbit 
reduction Theorem 11.11 for the group epimorphism it r T Xi '■ G 7 ^ 2 — > G^" 1 and the surjective 
submersion pr 23 : SV+i x x W r _i — ► T^ l Q x W r _\. Indeed, the space 5* r+2 is a 

-B-r+i -orbit. Moreover, (|3.5jl implies that the action of ° n SV+2 is simply transitive. 
Hence there exists a unique G^ fl -equivariant map g r _i : T^ l Q x W r _i — >■ such that the 
following diagram 



S r+2 x T^Q x W r _! 

P r 2,3 

T^Q x W r _! 



T JnQ 



S 1- 



id S , 



> T r m L Q x W r -i > S f 



commutes. So / o ip r = g r _ x o pr 23 and if we compose both sides with <p r , by considering 
pr 2 3 o<p r = we obtain / = g r _ x o (vr^, . 

In the second step we consider the same construction for the map g r -\ and obtain the 
commutative diagram 



(S r+1 x T^ 2 Q x W r _ 2 ) x W r _i 

pr 2 3 X id W) ,_ 1 

t,;- 2 q x w(»- 2 .»--i) 



V'r-iXid H / r _ 1 



7r x Q X H/, 



Sr-1 



r-1 



5 c 



«-2> :R ''-2)xidvi/ r _ 1 



ids . 



id 



T^Q x W^(»-2.r-i) Jlzl^ Sf 



So that there exists a unique G^-equivariant map g r _ 2 : T r 2 x W 7 ^ 2 ' r ^ — > such that 
9r-i = 9r-2 o («I 2 > x id Wr _J, i.e., / = # r _ 2 o (tt;L 2 , ftC 5 *- 2 ' 5 *- 1 )) . 

Proceeding in this way we get in the last step a unique G^-equivariant map g^-2 '■ T^ 2 Q x 

W (k-2,r-l) _^ Sp guch that 

f = g k . 2 o( 7 r r k _ 2 ,^ k - 2 ^). 
Putting g the restriction of gh-2 to T^ 2 Q x C^ -2 ' 7 * -1 ) we prove Theorem 13.21 □ 
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In the above Theorem 13.21 we have find a map g which factorizes /, but we did not 
prove, that (n r k _ 2 , ftC 0-2 ' 7 " -1 )) : T" m Q -> T^~ 2 Q x C^-V-i) satisfy the orbit conditions, 
namely we did not prove that (7r£_ 2 , ^( fc ~ 2 ' r_1 )) _1 (jg~ 2 A, r^ 2 ' 1 * -1 )) is a -B£ +2 -orbit for any 
(jt 2 \r {k - 2 ' r - 1] ) E T k m 2 Q x C( fc -V-i). Now we shall prove it. 

Lemma 3.3. I/Oo7)> (j'o7) e T m<5 satos/j/ 

(7rL 2 ,^- 2 ' r - 1) )Oo r 7) = (vrU^^-^OoT), 
t/ien t/iere zs an element h G -B£ +2 suc/i that h . (j^j) = (io7) • 

Proof. Consider the orbit set T^Q/B r k +2 . This is a G^-set. Clearly the factor projection 

v ■ T r m Q - t;q/^ +2 

is a G^ 2 -map. By Theorem 13.21 there is a G^-equivariant map 

g : T^" 2 Q x C^ 2 ^ -> T^Q/1^+ 2 

satisfying (vr£_ 2 , D^- 2 ^ 1 )). If (tt£_ 2 , ft^ 2 '^)^) = «_ 2 , ^ (fc -^- 1) )(j s 7) = 

(j fc - 2 A,r( fe - 2 ' r - 1 )), then p(f ol ) = g(jo~ 2 \r ik ' 2 ' r ' 1] ) = p{joi), so and f Q j are in the 
same _B£ +2 -orbit. □ 

It is easy to see that T^ 2 Q x c (yk ~ 2,r ~ 2 ' > is closed with respect to the action of the group 
G k m . The corresponding natural bundle of order k is J fc_2 Cla7Vf x C^'^M. Then, as a 

M 

direct consequence of Theorem 13 .21 we obtain the first k-order reduction theorem for classical 
connections. 

Theorem 3.4. Let F be a natural bundle of order k > 1 and let r + 2 > k. All natural 
differential operators f : C°°(Cla M) — > C°°(FE) which are of order r are of the form 

f(fA)=g(j k ' 2 AM k ~ 2 ' r ~ 1) R[A]) 
where g is a unique natural operator 

g : J fc " 2 ClaM x C^'^M -»■ FM . 

M 

Remark 3.5. From the proof of Theorem 13. 21 it follows that the operator g is the restriction 
of a natural operator defined on the natural bundle J fc ~ 2 ClaM" x ty( fc_2 > r_1 ) M . 

M 

4. The second £>th order reduction theorem 
(12. 2|) defines for r = 2 the equation 
(E 2 ) Vfo - Pol(C , V) = 

on Cq x Vz and for r > 2 the system of equations 

m ^ 1 ... [ ^ ] ..., r -Poi(^- 2 ),^- 2 )) = o 

on C {r - 2 ^ x ^W. 

The r-th Ricci subspace Z^ r ' C x is defined by solutions of (E2), . . . , (E r ), 

r > 2. For r = we put Z^> = V and for r = 1 we put Z« = In it was proved that 

Z^ is a submanifold in C^ 2 ^ x and (% (r - 2 \ V (r) ) : T^ l Q x T^V -> Z^ is a surjective 
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submersion. For r > k — 1 we can consider the projection pr^_ x : Z^ — > Z^ k ~^ and denote 
by Zf£l its fiber in z k ~ x e Z^K Then we shall denote by T^~ 2 Q x T^V x Z^ the 
fiber product {T^ 2 Q x T^V) x z(fe -i) . 

Lemma 4.1. 7/r + 1 > > 1, t/ien t/ie restricted map 

r-l v W ^(fc-2,r-2) } y&r)) . 7^ _1 Q X T^V -> T^Q X T^V X 



X H-ll X 



zs a surjective submersion. 

Proof. The proof of Lemma 14. II follows from the commutative diagram 



T^Q x T r m V ^—4 ZW 



r-l .., r 
T fc-2 X7r fc-l 



t£- 2 q x r*- 1 ^ ffl(fc ' 3) ' v(fc ' 1)) : z^ 

where all morphisms are surjective submersions. Hence (7r£l 2 x n k-i) x (^ fc-2 ' r-2 ^, V' fc ' r ') 
is surjective. For k = r the map (3J( r ~ 2 > r-2 ) = 3^ r _2j V <r ' r ) = V r ) is affine morphism over 
(IR( r ~ 3 ), V^ r_1) ) with a constant rank, i.e., (ir^-l x ^r-i) x * s a submersion. [^ r k Z\ x 

x (CR^ _2,r_2 ' ) , V < - fc,r ' ) ) is then a composition of surjective submersions. □ 

Theorem 4.2. Let Sp be a left G k m -manifold. If r + 1 > k > 1, then for every G 7 ^ 1 - 
equivariant map f : T^ X Q x T 7 m V — > Sp there exists a unique G k m -equivariant map g : 
T^~ 2 Q x T^~ l V x Z^ -> 5 F snc/i tfitrf 

f = 9° (K-l x Tfc-i) x (^ (fc ~ 2,r ~ 2) , V {fc,r) )) . 
Proof. Consider the map 

(id T ,- lQ X<_ 1; V<*''>) : T^Q x T^y - T^Q x T^V x ^) 

and denote by C T r m x Q x T^y x y( fc > r ) its image. By (|2.Hjl . the restricted morphism 

y(fe,r) . jrr-lg x yr^ ^ ^(fc,r) 

is bijective for every Jo" 7 ^ T'm l Q, so that V^'^ is an equivariant diffeomorphism. Define 

$(k-2,r-2) . y(k,r) _^ T^ 2 Q x rpk-ly x z (k,r) 

by 

(j'q~ 1 7, j'q -1 /!, t>) e V^ k ' r \ By Lemma f3. II J^( fc ~ 2 ' r ~ 2 ) is a surjective submersion. 

Thus, Lemma 13.11 and Lemma 13.31 imply that ;R( fc ~ 2 > r ~ 2 ) satisfies the orbit conditions for 
the group epimorphism n r k +1 : G 7 ^ 1 — ► and there exists a unique G^-equivariant map 
g : ^" 2 <5 x r* _1 y x Z^ -> S F such that the diagram 

\/( fc ' r ) (V(M>rl > TT^Q x Try 5 F 



<jj(fc-2,r-2) 



F 



T^~ 2 Q x x Z^ — 55_> T£" 2 Q x T^V x Z( fc ' r ) — 5 
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commutes. Hence / o (V < - fc ' r ^) _1 = g o w k ~ 2 > r ~ 2 \ Composing both sides with V^ fc ' r \ by 
considering ft( fc - 2 > r - 2 ) o V (fc ' r) = {n^Zl x 7Tfe_i, V (fc,r) ), we get 

/ = ff°Ki2^Uv ( *' r) ). □ 

T^ 2 Q x T^ l V x Z( fc ' r ^ is closed with respect to the action of the group G^. The corre- 
sponding natural bundle of order k is J k ~ 2 C\a.M x J k ~ 1 VM x Z^ k ' r ">M . 

M M 

Then the second /c-order reduction theorem can be formulated as follows. 

Theorem 4.3. Let F be a natural bundle of order k > 1 and let r + 1 > k. All natural 
differential operators f : C°°(Cla.M x VM) — > C°°(FM) of order r with respect sections 

M 

of VM are of the form 

where g is a unique natural operator 

g : J k - 2 Cla M x J k ' l VM x Z {k > r) M -> FM . 

M Af 

Remark 4.4. The order (r — 1) of the above operators with respect to classical connections 
is the minimal order we have to use. The second reduction theorem can be easily generalized 
for any operators of order s > r — 1 with respect to connections. Then 

f(j s A,f$) = g(j k - 2 A,j k - 1 ^,V ( - k ~ 2,s - 1) R[A],V ik ' r ^) . 

Remark 4.5. If A is a linear non-symmetric connection on M, then there exists its splitting 
A = A + T, where A is the classical connection obtained by the symmetrization of A and T 
is the torsion tensor of A. Then all natural operators of order r defined on A are of the form 

f(fA) = .A./'' A-. rn = g{j k -%3 k - x T, V^-^fA], V^T) . 

Remark 4.6. If g is a metric field on M, then there exists the unique classical Levi Civita 
connection A given by the metric field g. Then, applying the second reduction theorem, we 
get that all natural operators of order r > 1 defined on g are of the form 

f{fg) = f(T%fg) = Kj^Aj^gM^^RiM) = h^gM^^RlM) ■ 

5. Natural (0,2)-tensor fields on the cotangent bundle 

Typical applications of of higher order reduction theorems are classifications of natural 
tensor fields on the tangent (or cotangent) bundle of a manifold endowed with a classical 
connection or lifts of tensor fields to the tangent (or cotangent) bundle by means of a classical 
connection, see [21 H El ECU d ■ 

As a direct consequence of Theorem 13.21 Theorem 14.31 and Remark 14.51 we get 

Corollary 5.1. Let (M,A) be a manifold endowed with a linear (non-symmetric) connection 
A. Then any natural tensor field $ on TM or T*M of order r is of the type 

®(u,fA) = $(u, A^^T, V (r_1) -R[A], V (2 ' r) T) , 

where u G TM or u G T*M , respectively, A is the classical connection given by the sym- 
metrization of A and T is the torsion tensor of A. 
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Corollary 5.2. Let (M,A,^>) be a manifold endowed with a linear (non- symmetric) con- 
nection A and a tensor field Then any natural tensor field $ on TM or T*M of order 
s with respect to A and of order r, s > r — 1, with respect to \& is of the type 

$(u,fA,fy) = A, j x T, j 1 ^, V (s_1) -R[A] , V (2,s) T, V (2 ' r) *) , 
where u G TM or u G T*M , respectively. 

As a concrete example let us classify all (0,2)-tensor fields on T*M given by a linear 
(non-symmetric) connection A. 

Theorem 5.3. Let (M,A) be a manifold endowed with a linear (non-symmetric) connection 
A. Then all finite order natural (0,2) -tensor fields on T*M are of order one and they form 
a ^-parameter family of operators with coordinate expression 

(5.1) $=(Ax A i,+ d x x T p % + C 2 x^ T p p x + C 3 x p T/ M 

+ F 1 T/x T„% + F 2 T a p \ T p \ + F 3 T/ a T A % 
+ G\ Tp P x;/j, + G2 T p p fl -x + G3 Tx p p- p 
+ H 1 R p p xp + H 2 Rx p pp)d x ®d p 

+ Bd x ®(d x + A\ p p x p dP) + C(d x + A\ p p x p d") ® d x , 
where A, B, C, Ci, F{, Gi, Hj, i — 1, 2, 3 ; j = 1, 2, are real constants. 

Proof. Let us denote by S = m m *x® 2 m m *xlR m *®lR m xlR m ®lR m *x® 2 lR m the_ standard 
fibre of ® 2 T* {T* M) . The coordinates on S will be denoted by (x x , (f>x^, 0a^\ (j) xp ). Then 
we have the following action of the group G 2 m on S 

~ ~fi • 

Xx d x Xp , 

4>Xfi = a p x dp 4> pa + a p x a%p a? d K a x K 4> p a + a* a a pP aP x d K a x K 4> p a 
+ a p/3 ~ a x K %k al s x v (j) pa , 

f x p = a x a£ <f a + a x a« p a* x K f p * , 



b xp = a x < <\f~ a . 



First let us discuss <fi Xp '. We have, by Corollary 15.11 



i) X ^ = (h xp (x\ A x T x T x R p \ T 



i = 0, . . . , r — 1, j = 2, . . . , r. The equivariance with respect to homotheties (c5 x ) implies 

c 2 (b xp = (b xp ( c 1 x \ r 1 A x c' 1 T x c~ 2 T x c ~ {i+2) R p . r ~0'+i) t, a 1 

which implies, by the homogeneous function theorem, [S], that is a polynomial of orders 
a in x A , 6 in Ap X u , c in T M A y , c x in T/^, ^ in R u p x^a U -m and e 3 - in T^^.....^ such that 

r— 1 r 

(5.2) 2 = -a - 6 - c - 2 Cl - + 2) dj - J^(j + 1) . 

i=0 i=2 
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The equation (|5.2jl has no solution in natural numbers, so we get by the homogeneous 
function theorem that is independent of all variables and so it have to be absolute 
invariant, hence 



0. 



For cf)\^ and A M we get from the equivariancy with respect to the homotheties (c <5 A ) that 
they are polynomials of orders satisfying 

r— 1 r 

(5.3) = -a - b - c - 2 c x - J^(z + 2) di - ^(j + 1) e 3 - . 

t=0 j=2 

So also and are independent of all variables and they have to be absolute invariant, 
hence 



(5.4) 0/ = B5», <P\ = C5^. 
Finally (pxp has to be a polynomial of orders satisfying 

r—l r 

(5.5) — 2 = — a — b — c — 2c\ — ^(z + 2)rf l -^(j + l)e J . 

i=0 J=2 

There are 8 possible solutions of ()5.5|) : 
a = 2 and the others exponents vanish; 
a = 1, b = 1 and the others exponents vanish; 
a = 1, Co = 1 and the others exponents vanish; 
6 = 2 and the others exponents vanish; 
b — 1, Co = 1 and the others exponents vanish; 
Co = 2 and the others exponents vanish; 
C\ = 1 and the others exponents vanish; 
do = 1 and the others exponents vanish. 

It implies that the maximal order of the operator is one and (pxp is of the form 



<w - A pa T >r -I- R pu>T <r A K A. r< pUT <r T K 
>\\i — ^Xfi^p-^cr T U x ^d, p l\ w T X[1K p ^ T 

I T-\U1T1LJ2T2 A Kl A «2 I 771CJ1T1CJ2T2 A Kl «2 

I" \{XK\K2 ^1 T l ^2 T 2 1 Au XpK 1 K 2 T l ^2 r 2 

I rpUllTlU>2T2 rp Kl rp K2 _l_ (~1LOTe rp K , TTLUT€ T3 K 

' \p,K\K2 VI T l ^2 T2 I "A^IK J W T,£ I" ^XflK, -^ui Te J 
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where , . . . , H%J£ are absolute invariant tensors, i.e., 

0a m = A x x x» + B 1 x x A p % + B 2 A/ x + B 3 x p A x p p 
+ d x A T p % + C 2 T/ A + C 3 x p T x % 

+ Di A/x K\ + D 2 A/ A A p % + D 3 V- A A % 
+ £ a A/ A 7^% + £ 2 A/ A T p % + E 3 A/, T A % 
+ £ 4 A/„ T CT CT A + £ 5 A/ M T/ A + £ 6 A A % T/ a 
+ F 1 T p p x T a \ + F 2 Tfx T p % + F 3 T p p a T x \ 
+ Ci T p p x, P + G 2 T p p fj, y x + G 3 Tx p M , p 
+ -Hi -Rp P Ap + H 2 Rx P pn ■ 



The equivariancy with respect to (5 X , a x u ) implies B\ = B 2 = 0, B 3 = B + C, Di = 0, E\ = 
E4, = 0,E 2 = G 3 ,E 3 = —G 3 ,E 5 = —G 3 ,E e = —(Gi + G 2 ) and the others coefficients are 
arbitrary. Then 

Am = A xx x M + {B + C) K x % x p + d x x T p p p + C 2 Xp T/ A + C 3 x p T x % 
+ Fx T/ A T CT \ + F 2 T a p x T p \ + F 3 T/ ff T A % 

+ Gi {Tp P x,fjL — Ax P p T p a a ) + G 2 (Tp P flt x — Ap P x Tp'V) 

+ G3 (Tx P fj, tP + A. a p x Tp° p — A p p a Tx a p — A CT P M Tp "^ 

+ -f^i -Rp P Ap + H 2 Rx p ' P p , 

<l>x ii = B6Z, (j> x , = C5 x , 0^ = 0, 

which is the equivariant mapping corresponding to (|5.1|) . □ 

Remark 5.4. Let us note that the canonical symplectic form u of T*M is a special case 
of (|5.1jl . Namely, for C = —B ^ and the other coefficients vanish we get just the scalar 
multiple of lj = d x ® d\ — d x <8> d x . 

The invariant description of the tensor fields (J5.1)) is the following. We have the canonical 
Liouville 1-form on T*M given in coordinates by 

9 = xx d x . 

The operator standing by A is then 9 <8> 9. 

A gives 3-parameter family of (1,2) tensor fields on M, [5], given by 

(5.6) S(A) =C 1 I TM ®f + C 2 f ®I TM + C 3 T, 

where T is the contraction of the torsion tensor and Itm '■ M — > TM ®T* M is the identity 
tensor. Then the the evaluation (S(A),u) gives three operators standing by Ci,C 2 ,C 3 . 
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The connection A defines naturally the following 8 parameter family of (0,2)-tensor fields 
on M , given by 

G(A) = Fx C{l{T ®T) + F 2 C\l{T ® T) + F 3 C%{T ® T) 

+ Gi C7!VT + G 2 C\VT + G 3 C3 1 VT 

+ C^RfA] + H 2 C\R\K\ , 

where is the contraction with respect to indicated indices and C\VT denotes the conju- 
gated tensor obtained by the exchange of subindices. The second 8-parameter subfamily of 
operators from (|5.1|) is then given by the pullback of G(A) to T*M. 
The last two operators are given by the vertical projection 

u[A*] : T*M -»■ T*T*M ® VT*M , i/[A*] = (d x + x p d?) ® <9 A 

associated with the connection A* dual to A. Two possible contractions of ^[A*] ® co> give 
the last two operators. 

Remark 5.5. For a symmetric connection A the family (|5.1jl reduces to 5-parameter family 
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